TP4

September 26, 2022

1 TP 4 : factorisation des polynémes sur les corps finis

1.0.1 Exo 1

[1]1: K=GF(27)
[2]: K.multiplication_table()

[2]: * aa ab ac ad ae af ag ah ai aj ak al am an ao ap aq ar as at au av aw ax ay
az ba

aal aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa aa
aa aa
abl aa ab ac ad ae af ag ah ai aj ak al am an ao ap aq ar as at au av aw ax ay
az ba
ac|l aa ac ab ag ai ah ad af ae as au at ay ba az av ax aw aj al ak ap ar aq am
ao an
ad| aa ad ag aj am ap as av ay af ai ac ao ar al ax ba au ah ab ae aq ak an az
at aw
ael aa ae ai am aq al ay at ax ao ap ak ba as aw ac ad ah az au av ab af ag an
ar aj
af| aa af ah ap al an av ba at ax az as ac ae ag ar ak am aq aj ao aw ay au ab
ad ai
agl aa ag ad as ay av aj ap am ah ae ab az aw at agq an ak af ac ai ax au ba ao
al ar
ah| aa ah af av at ba ap an al aq ao aj ab ai ad aw au ay ax as az ar am ak ac
ag ae
ail aa ai ae ay ax at am al aq az av au an aj ar ab ag af ao ak ap ac ah ad ba
aw as
ajl aa aj as af ao ax ah aq az ap ay ag al au ac an aw ae av ad am ba ai ar at
ab ak
ak| aa ak au ai ap az ae ao av ay ah ar ax ad an at ac aj am aw af al as ab aq
ba ag
al|l aa al at ac ak as ab aj au ag ar az ai aq ay ah ap ba ad ao aw af an av ae
am ax
am| aa am ay ao ba ac az ab an al ax ai aw ah ak ag aj av at ae aq ad ap as ar
au af
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c=K.random_element ()

C

2%z372 + 2%z3

K.inject_variables()

Defining z3

z3%*8

2%z372 + 2

K.<a>=GF(27)
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[7]1:

[8]:

[8]:

[9]:

[9]:

[10]:

[11]:

2*%a”2 + 2
a==z3

False
K.modulus ()
x"3 + 2%x + 1

F.<x>=PolynomialRing(GF(3))
P=x**3+2%x+2
L=GF(3*%*3, 'a' ,modulus=P)
print(L.random_element ())

# sinon

M=F.quotient_ring(P)
print(M.random_element ())

a~2 + 2
xbar~2 + xbar + 2

1.0.2 Exo 2

def Racines(Q):
L=[]
F=Q.parent () .base_ring()
g=F.cardinality()
Q=gcd(Q,X*x(q)-X)
for c in F:
m=0
while Q(c)==0:
Q=Q//(X-c)
m=m+1
if m>0:
L.append([c,m])
return L

F=GF (64)
K.<X>=F['X']

Q=K.random_element (10)
print (Racines(Q))

print(Q.roots())
print ()



P=X**8-X
print(Racines(P))
print (P.roots())

[[z674 + z673 + z6 + 1, 1]1]
[(z674 + 2673 + z6 + 1, 1)]

[[0, 1], [z6"5 + 2674 + 2672 + 1, 1], [2674 + 2672 + z6 + 1, 1], [2z675 + z674 +
z6"2, 1], [z675 + z6, 1], [z6"5 + z6 + 1, 1], [z674 + z6"2 + =z6, 1], [1, 1]]
[0, 1), (1, 1), (=674 + 2672 + z6, 1), (2674 + 2672 + z6 + 1, 1), (2675 + z6,
1), (z6°5 + z6 + 1, 1), (2675 + 2674 + 2672, 1), (2675 + z674 + z672 + 1, 1)]

1.0.3 Exo 3

[12]: def Irreducible(P,q):
d=P.degree ()
if d==0:
return True
Q=power_mod (X,qg**d,P)
if Q'=X:
return False
for e in prime_factors(d):
Q=power_mod (X,q**(d//e) ,P)-X
if gecd(Q,P)!=1:
return False
return True
R.<x>=GF(17) []

[13]: g=17
R.<X>=GF(q) ['X']
P=R.random_element (200)
%time print(Irreducible(P,q))
Jtime print(P.is_irreducible())

False

CPU times: user 49.7 ms, sys: 153 ps, total: 49.8 ms
Wall time: 49.1 ms

False

CPU times: user 960 ps, sys: O ns, total: 960 ps
Wall time: 962 ps

[14]: | g=16
R.<X>=GF(q) ['X']
P=R.random_element (200)
%time print(Irreducible(P,q))
%time print(P.is_irreducible())



False

CPU times: user 3.27 s, sys: O ns, total: 3.27 s
Wall time: 3.27 s

False

CPU times: user 175 ms, sys: O ns, total: 175 ms
Wall time: 175 ms

[15]: q=17

R.<X>=GF(q) ['X']

P=R.random_element (15)

c=1

while Irreducible(P,q)==False:
P=R.random_element (15)
c=c+1

print (P)

print(c)

16%X715 + 13*X714 + 16%X713 + 6xX"12 + 7xX"11 + 12xX710 + 2xX~9 + 14xX"8 +
12xX77 + 12%X76 + 2*%X"5 + 16*%X74 + 10%X"3 + 9*X"2 + 3*X + 8
1

[16]: from collections import Counter
np = Counter() # np[d] = nombre total de polynémes de degrés d tirés
ni = Counter() # ni[d] = nombre d'irréductibles

Les compteurs permettent de capitaliser les calculs déja effectués. Aussi, si compteur[d] n’existe
pas, le compteur retourne 0 et non erreur.

[17]: g=2
R.<x>=GF(q) []
for d in range(4,100,3):
for N in range(1,500):
np[d]+=1
P=x"d+R.random_element (degree=d-1)
if P.is_irreducible():
ni[d]+=1

[18]: | dessinl

point2d([(d,ni[d]/np[d]) for d in range(4,100,3)])

# on veut comparer avec les bornes 1/2d et 1/d.

dessin2 = point2d([(d,1/d) for d in range(4,100,3)], color='red')
dessin=dessinl+dessin2

# pour visualiser proprement (linéaire), on passe en log-log

dessin.show(scale="'loglog')
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[19]: P=R.random_element (15)
P.factor()

[19]: x * (x +1)74 * (x"10 + x"9 + x5 + x + 1)

1.0.4 Exo 4 (algorithme de Berlekamp)

Contruction de la matrice de 1’algebre de Berlekamp
[20]: def Matrice(f):
d=f.degree()
g=f .parent () .base_ring() .cardinality()
M=matrix(GF(q) ,d,d)
for j in range(d):
g=power_mod (X, j*q,f) -X**j
for i in range(d):
M[i,jl=g.monomial_coefficient (X**i)
return M

[21]: g=5
R.<X>=GF(q) ['X']
f=R.random_element (5)
M=Matrice(f)
print (M)

102



[21]:

[22]:

[23]:

print("Noyau :", kernel(M.transpose()).basis())
factor(f)

Noyau : [
(1, 0, 0, 0, 0)
]

(4) * (X756 + 3*%X"4 + 4%X73 + 2+X + 2)

Approche déterministe
def Berlekamp(f):
if f.degree()<=1:
return [f]
#if gcd(f,f.derivative())!=1:
# print ("non separable')
# return()
M=Matrice(£f)
B=kernel (M.transpose()) .basis()
if len(B)==1:
return [f] # f est irreductible (s=1)
R=f .parent ()
j=0
g=R(B[0] .1ist()) # R(B[j].list()) transforme le wvecteur B[j] en un polyndme
while g.degree()==0: # Cherche g non constant
3=3+1
g=R(B[j].1list())
for a in R.base_ring(): # a in GF(q)
fi=gcd(f,g-a)
if f1.degree()>0:
f2=£//£1
return Berlekamp(f1)+Berlekamp(£f2)

q=5

R.<X>=GF(q) ['X']
f=R.random_element (10)
pretty_print(Berlekamp(f))
pretty_print(factor(f))

[X, X+ 4, X6 + X765 + X74 + 3*X73 + 4xX72 + 2, 2%xX72 + 2xX + 4]



[24] :

[25] :

[26] :

(2) * X * (X +4) * (X2 +X +2) *x (X76 + X5+ X4 + 3%xX"3 + 4%xX"2 + 2)

£=X**q-X
print (Berlekamp(f))
print (factor(f))

[X, X +4, X+3, X+2, X+ 1]
X *x (X +1) * X+2) x X+3) «x X+ 4

Approche probabiliste
def Cherche_g(f,B):
R=f .parent ()
g=R.base_ring() .cardinality ()
while True:
g=sum(GF (q) .random_element ()*R(v.list()) for v in B)
fil=gcd(£f,g)
if f1.degree()!=0 and f1.degree()!=f.degree():
return [f1,f//f1]
f1=gcd(f,power_mod(g, (q-1)//2,£)-1)
if f1.degree()!=0 and f1.degree()!=f.degree():
return [f1,f//f1]

def Berlekamp2(f):
if f.degree()<=1:
return [f]
M=Matrice(f)
B=kernel (M.transpose()) .basis()
if len(B)==1:
return [f] # f est irreductible (s=1)
[f1,f2]=Cherche_g(f,B)
return Berlekamp2(f1)+Berlekamp2(£2)

q=5

R.<X>=GF(q) ['X']
f=Xx*x (5*x3)-X
%time Berlekamp (f)
%time Berlekamp2(f)
%time F=factor(f)
print(len(F))

CPU times: user 1.84 s, sys: 3.94 ms, total: 1.84 s
Wall time: 1.84 s

CPU times: user 1.78 s, sys: 3.91 ms, total: 1.78 s
Wall time: 1.78 s

CPU times: user 913 ps, sys: O ns, total: 913 ps



Wall time: 916 ps
45

[27]: p=next_prime(1000000)
R1.<X>=GF(p) ['X']
f=R1.random_element (10)

%time Berlekamp (f)
%time Berlekamp2(f)
J%time factor (f)

CPU times: user 843 ms, sys: 3.91 ms, total: 847 ms
Wall time: 845 ms

CPU times: user 4.04 ms, sys: 7 ps, total: 4.05 ms
Wall time: 4.05 ms

CPU times: user 136 ps, sys: O ns, total: 136 ps
Wall time: 138 ps

[27]: (503364) * (X + 892028) * (X"4 + 816288*X~3 + 721420%X"2 + 347350*X + 321489) =*
(X~5 + 799265+%X"4 + 936813*%X~3 + 685476*X"2 + 500706*X + 617404)

Les approches déterministes et probabilistes se valent pour q petit, mais I’approche probabiliste
devient nettement meilleure quand q est grand.

1.0.5 Exo 5 (algorithme de Cantor-Zassenhauss)
Factorisation de f en degrés distincts.

[28]: def DistinctDegreeFacto(f):
q=f .parent () .base_ring() .cardinality()
L=[]
r=1
while f.degree()!=0:
h=gcd (power_mod (X, q**r,f)-X,f)
if h.degree()>0:
L.append((h,r))
f=f//h
r=r+1
return(L)

[29]: R3.<X>=GF(3)['X"']
£f=X*x9-X
L=DistinctDegreeFacto (f)
print (L)

[(X73 + 2«X, 1), (X76 + X™4 + X"2 + 1, 2)]

On factorise ensuite chaque facteur en s’inspirant de Berlekamp probabiliste (Lemme 8 du CM).



[30]: def Split(h,r): # h produit de polyndmes de degrés T
R=f.parent ()
g=R.base_ring() .cardinality()
while True:
g=R.random_element (2*r)
hi=gcd(h,g)
if hl.degree()!=0 and hl.degree()!=h.degree():
return [h1,h//h1]
hi=gcd(h,power_mod(g, (q-1)//2,£)-1)
if hl.degree()!=0 and hl.degree() !=f.degree():
return [hl,h//h1]

def EqualDegreeFacto(h,r):
if h.degree()==r:
return [h]
(h1,h2]=Split(h,r)
return EqualDegreeFacto(hl,r)+EqualDegreeFacto(h2,r)

[31]: (h,r)=(X"6 + X4 + X"2 + 1, 2)
print (EqualDegreeFacto(h,r))

[X72 + X + 2, X72 + 2%X + 2, X"2 + 1]
Finalement, on met bout a bout ces deux factorisations pour obtenir la facto globale de f

[32]: def Zassenhauss(f):
L=DistinctDegreeFacto (f)
Res=[]
for (h,r) in L:
Res.extend (EqualDegreeFacto(h,r))
return(Res)

[33]:  %time Resl=Zassenhauss (X**x(3**5)-X); len(Resl)
Jtime Res2=Berlekamp2(X**(3%*5)-X); len(Res2)

CPU times: user 17.7 ms, sys: 26 ps, total: 17.7 ms
Wall time: 17.5 ms
CPU times: user 9.64 s, sys: 3.97 ms, total: 9.65 s
Wall time: 9.64 s

[33]: 51

Racines
[34]: def Racines2(f):
g=f .parent () .base_ring() .cardinality()
f=gcd (f,X**q-X)
Z=Zassenhauss (f)
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Res=[-Z[1]1(0) for i in range(len(Z))]
return Res

[35]: RR.<X>=GF(3)['X']
f=RR.random_element (100)
%time print(Racines(f))
%time print(Racines2(f))

(]
CPU times: user 713 ps, sys: O ns, total: 713 ps

Wall time: 516 ps

(]
CPU times: user 100 ps, sys: O ns, total: 100 ps

Wall time: 93 ps

[36]: X + 2%2z372 + z3

[36]: X + 2%z372 + z3

1.0.6 Exo 5 (facteurs multiples)

On écrit f = ab avec a = g? pour ¢ une puissance de p, b sans facteur irréductible de multiplicité
divisible par p et a et b premiers entre eux. On note bb le radical de b.

Etape “traite b” : On calcule bb, que 'on factorise via Zassenhauss. On en déduit la facto de b.

[37]: |def Traite_b(f): # factorise la partie non puissance de p
bb=f//gcd(f,f.derivative())
if bb.degree()==0:

return []
Fac=Zassenhauss (bb)
Res=[]
for h in Fac:
f=f//h
k=1
while f%h==0:
f=f//h
k=k+1
Res.append ((h,k))
return Res

[38]: Traite_b(X#**7)
[38]: [(X, 7)]

Etape “traite a” : on suppose ici que f/ = 0. On a donc f = g" avec ¢’ # 0 et n une puissance de
p. On cherche & calculer (g,n).

Attention, il faudra penser a rappeler 'algorithme global de factorisation sur g ensuite.
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[39]:

[40] :

[40] :

[41]:

[42] :

[42] :

[43] :

def Traite_a(f):

p=f .parent () .characteristic()

mult=1

h=f

while h.derivative()==0: # donc h(X)=9(Xp)=g(X) p. On remplace h par g ety

—la multiplicité est multipliée par p

L=h.1list()
h=sum(L[i]*X*x(i//p) for i in range(0,len(L),p))
mult=mult*p

return (h,mult)

Traite_a(X**9+1)
X +1, 9

Om met tout ensemble, sans oublier de rappeler 1'algo global sur g.

def Facto(f):

Lb=Traite_b(f)
db=sum(Lb[i] [0] .degree O *Lb[i] [1] for i in range(len(Lb))) # degré de b
if db==f.degree():
return Lb
for (h,m) in Lb:
f=£f//h*+*m # f=a
(g,n)=Traite_a(f) # f'=0, f=g™n avec g' mon nul.
Lg=Facto(g)
La=[(Lg[i] [0] ,n*Lg[i] [1]) for i in range(len(Lg))] # les multiplicités desy

—facteurs de g doivent étre multipliées par n

return La+Lb

g=R3.random_element (10)
f=g (Xx*6) xg (X**2) *g

2%X790 + 2xX789 + 2xX788 + X787 + X786 + 2xX782 + X781 + X780 + 2*xX"79 + 2xX778
+ 2xX775 + X774 + 2%X772 + 2%X770 + X769 + X768 + 2%X767 + X766 + 2xX"64 +
2%X763 + X762 + X760 + X759 + 2%X758 + 2xX755 + X754 + X752 + X751 + X749 + X747
+ 2%X746 + X745 + 2xX744 + 2xX743 + 2xX738 + 2xX737 + X736 + X735 + X734 +
2%X733 + X732 + 2xX731 + X730 + X729 + 2xX728 + X727 + 2%X724 + X723 + 2xX722 +
2%X721 + 2%X720 + 2%xX718 + 2%X716 + 2xX715 + 2xX714 + X713 + 2*X"11 + X710 +
2%X79

print(factor(£f))
print (Facto(£))

12



[]1:

(2) * (X +1) * X9 x (X72 + 2xX + 2) * (X"2 + 1)74 x (X74 + 2xX"2 + 2)74 x (X6
+ X5 + 2%X74 + X"3 + X"2 + 2) *x (X712 + X710 + 24¥X"8 + X6 + X74 + 2)°4

[X, 99, X+1, 1D, X2+1, 4, X2+ 2xX +2, 1), (X4 + 2%X72 + 2, 4),
(X766 + X5 + 2%X"4 + X3 + X"2 + 2, 1), (2%X"12 + 2*xX~10 + X"8 + 2*xX"6 + 2xX"4 +
1, 4]

Magique ! Ca fonctionne.
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